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MATHEMATICAL EXPLANATION AND COMPLEX SYSTEMS

Complex systems present direct challenges to a number of positions in the 
philosophy of science on prediction, representation and explanation. Some 
examples of complex systems include stock markets, the weather and physical 
phenomena like superconductivity. The thematic goal of this paper involves 
examining the relation between the mathematics used to treat complex 
systems, understood as a formal representational tool, and its role in providing 
a ‘physical’ understanding of these systems. More specifically, I intend to 
address the way that a mathematical technique known as renormalization 
group (RG) methods can provide an explanatory foundation which highlights 
structural features that different complex systems have in common. What 
this suggests is that there is a fundamental level of explanation underlying 
complex systems which can be explicated via the mathematics of RG. 

Introduction and Background

To my mind one of the most difficult challenges in the philosophy of science involves analysing 
the role of mathematical explanation in the behaviour of complex systems or systems that 

display emergent behaviour or phenomena. The problem has many facets but the one that is 
especially interesting is how a particular mathematical method, known as the renormalization 
group (RG), can be used not just as a way of accounting for behaviour in different types of 
physical systems or calculating values for particular parameters, functions commonly ascribed 
to mathematics, but to furnish genuine physical understanding and explanation. Physical 
phenomena as diverse as those found in quantum field theory (QFT), financial markets, 
statistical physics, as well as the dynamics of biological evolution, all use the mathematics of 
RG in explaining and predicting how these various systems behave under certain constraints. 
Despite this common methodology there has been very little systematic analysis of the possible 
underlying features that might explain the success of RG in such disparate areas, features 
that stem from the general aspects of the mathematics itself, possible similarities among the 
phenomena, or a combination of both. 

Addressing this problem involves two interrelated areas in the philosophy of science and the 
philosophy of mathematics: (1) the nature and status of mathematical explanation with respect 
to RG, and (2) how this type of explanation can illustrate general structural features of complex 
systems that make them amenable to the same mathematical treatment. My hypothesis is that 
a clearer delineation of the criteria that characterise mathematical explanations associated with 
RG methods (e.g. structural similarity, among others) in the treatment of complex systems, 
specifically statistical mechanics and financial markets (an area now known as econophysics), 
will enable us to appreciate the different ways that mathematics can provide physical, qualitative 
understanding.

What makes complex systems interesting from a philosophical perspective is that they seem 
to defy the kinds of explanatory and predictive frameworks (specifically reduction) that are 
applicable in other physical contexts. This is due in part to the fact that while the behaviour of 
complex systems involves many interacting constituents, that behaviour cannot be explained in 
terms of those interactions. Examples include IT networks, ecosystems, brains, stock markets, 
weather and physical phenomena like superconductivity, systems that present some of the 
most pressing real-world challenges for society, government and industry – in the environment, 
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health and medicine, finance and economics, population growth, technology and transport. 
Little attention has been paid in the philosophical literature to structural features that various 
complex systems might have in common, features that can give rise to explanatory strategies 
that might enable us to understand better general features of their behaviour. Nor has much 
attention been paid to the ways that RG methods are used in treating various kinds of complex 
systems and how these methods might provide a general explanatory framework that incorporates 
some notion of structural similarity. As Goldenfeld and Kadanoff (1999), two leading theorists 
in the foundations of RG methods, remark, complexity means we have structure with variations. 
Hence, the search for general explanatory principles that illuminate these structural features is 
extremely important.

A way of distinguishing complex systems from very complicated ones is that they exhibit 
self-organisation and emergence. Emergence is the appearance of behaviour that could not 
be predicted, reduced to or explained from knowledge of the system’s constituents; self-
organisation typically means there is no external force required for producing these emergent 
features (Gitterman and Halpern, 2004; Batterman, 2002). A consequence of emergence and 
self-organisation is that certain global features of complex systems are largely independent 
of particular realisations of their parts. The important philosophical questions concern the 
type of explanatory framework we need for understanding (1) how the more or less chaotic 
motion of microconstituents gives rise to collective, stable behaviour at the macro level, and 
(2) indirect effects – how behaviour in one part of the system can affect other more remote 
parts. For example, how do the mechanics and fluctuations of bio-molecules contribute to the 
organisation and functioning of a biological system, and, in economics and financial markets, 
how do the interactions among participants lead to complex yet stable (or unstable) markets? In 
both cases we have multiple components interacting in a way that generates macro properties 
and dynamical behaviour.

Answers to these questions ultimately involve an examination of the way that mathematics 
forms an integral part of the theoretical explanation. Advances in computational modelling 
have increased our ability to understand complex dynamical behaviour, while knowledge of 
certain types of complex systems, in particular those in condensed matter or statistical physics, 
financial markets and QFT, has been greatly aided through the use of RG methods. These involve 
techniques to reduce the complexity of problems for systems with large numbers of interacting 
constituents. Indeed, it was the introduction of RG methods (Kadanoff, 1966, 2013; Wilson, 
1971, 1983) that made the development of numerical solutions in the form of Monte Carlo 
simulations possible for many types of complex behaviour.

What, then, is the connection between these mathematical methods and explanations that 
provide physical understanding? Much of the recent literature in the philosophy of mathematics 
(Baker, 2005, 2009, 2012; Bangu, 2008, 2008a, 2009, 2012; Batterman, 2002, 2010; 
French and Bueno, 2012; Leng, 2005, 2010; Pincock, 2007, 2011a, 2011b, 2012; Pincock 
et al., 2012; Shapiro, 1997; Steiner, 1978, 1998) has focused attention on the question of 
what exactly constitutes a mathematical explanation of a physical fact. The question is important 
not only because much of contemporary science is expressed in mathematical language but 
also because new phenomena are sometimes predicted on the basis of mathematics alone 
(e.g. the π meson particle). In that context mathematics functions as the engine of discovery, 
so it becomes increasingly important to determine whether, or to what extent, mathematics 
can embody physical information. Instead of attempting to provide necessary and sufficient 
conditions for what counts as a mathematical explanation – an extremely difficult task – I want 
to change the orientation by calling attention to specific examples of the way that mathematics 
in fact provides genuine physical information. Success in this context is characterised by the 
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ability to deliver information that could not (at the time) be furnished by physical theories, 
hypotheses or models, and emanates solely from a mathematical method or framework. So, the 
question is how, over and above the calculation or prediction of numerical values for specific 
phenomena or effects, RG methods can facilitate this process.

RG methods became widely recognised through their employment in statistical mechanics 
(Kadanoff, 1966, 2013; Wilson, 1971, 1983), where they were used to investigate changes 
in a physical system viewed at different length/distance scales. The notion of a distance scale 
is important in statistical physics because theory tells us that phase transitions, the point 
where, for example, magnets become superconductors, occur only in infinite systems – at what 
is called the thermodynamic limit where the number of particles N goes to infinity, N→∞. 
A defining characteristic of a phase transition is an abrupt change, which, in mathematical 
terms, is noted by a singularity, meaning that the thermodynamic observables (represented 
mathematically) characterising the system are not defined or ‘well-behaved’ – they are infinite 
or not differentiable. All thermodynamic observables are partial derivatives of the partition 
function which describes the statistical properties of a system in thermodynamic equilibrium. 
This includes functions of temperature and other parameters, such as the volume enclosing 
a gas. Hence, a singularity in the partition function is required to obtain a singularity in the 
thermodynamic function. Although the partition function is analytic, it is possible for systems 
with infinite N to display singular behaviour for non-vanishing partition functions. Consequently, 
a phase transition requires a statistical mechanical system that is infinite in extent and has an 
infinite number of different integration variables. Physically we understand this by referring 
to the fact that the behaviour of a system near a phase transition (critical point) is dominated 
by correlated fluctuations among particles that extend over very large (∞) spatial regions. This 
results in the appearance of new types of macro behaviour that are largely insensitive to their 
initial microscopic arrangements. The computational problem, however, is how is it possible to 
narrow down the relevant parameters for a system that has an infinite number of constituents or 
variables that need to be taken account of?

Using a type of coarse graining analysis, RG methods can overcome the challenge for the 
physicist or mathematician by facilitating the reduction of an infinite number of particles into 
a tractable calculation. But, this appeal to infinite systems gives rise to a serious philosophical 
problem: because the phase transitions we observe (e.g. in superconductors) occur in finite 
systems questions arise as to how RG can provide physical information given that it requires 
N→∞, which seems decidedly ‘non-physical’. Hence, in what sense are we really explaining the 
behaviour of finite systems by appealing to infinite ones? These problems are multidimensional 
in that they have a physical, mathematical and philosophical component. Indeed, some have  
argued that the appeal to infinite systems and the reduction of an infinite number of variables via 
RG, techniques widely used in physics, are not legitimate forms of explanation at all (Callender, 
2001; Earman, 2004). I disagree with this latter point, and an ongoing part of my research is 
to clarify the specific sense in which the mathematics of RG plays an explanatory role in our 
understanding of certain types of systems.

In addition to their use in physics, RG methods have been used more recently in the treatment 
of certain aspects of financial markets. The analogy with statistical mechanics is based on the 
fact that the statistical regularities found in financial markets' time series are similar to those 
displayed in physical systems at critical point (Stanley et al., 1999, 1999a). In both cases there 
are a large number of interacting constituents (particles and agents) whose behaviour exhibits 
certain universal properties, properties that are independent of specific features of the individual 
constituents. Part of the power of RG methods is their ability to illustrate features of universal 
behaviour in different types of complex systems. But, as in the physics case, applications of RG 

Institute of Advanced Study Insights

4



Institute of Advanced Study Insights

in economics is not without problems. Specifically, why should we think that interesting aspects 
of economic behaviour can be captured by methods that ignore specific features of the agents 
by treating them in the same manner as molecules in a gas.
 
My goal, then, is to furnish a pervasive and epistemically robust role for RG methods, one 
that clarifies their explanatory power in enabling us to understand structural similarities that 
underlie the explanation and prediction of behaviour in a variety of complex systems. In order 
to get a clearer sense of what is at stake in RG methods and the significance of their diverse 
applicability, let me briefly highlight the important aspects of their use in two very different areas 
of physics, areas that seem to share no common features, and their success in econophysics.

Mathematics, Complexity and Explanation in Physics

If we start from a microscopic scale with the goal of explaining a system’s evolution at larger 
scales, two problems need to be addressed. First, the scale of interest needs to be specified; 

second, one needs to show that the more or less chaotic motion of the elements will contribute to 
the collective phenomena observed at the macro scale. This, of course, is also part of the overall 
characterisation of emergence which is often associated with (among other things) the way that 
stable, complex properties arise out of a multiplicity of relatively simple interactions. In these 
cases specifying the relationship between the microscopic and macroscopic scales is often a 
difficult problem. Describing a complex system at the microscopic level requires an enormous 
amount of information, typically more than one is capable of handling. Consequently, the macro 
description necessitates the strong compression of data which effectively renders much of the 
microscopic information irrelevant for large scale behaviour. However, in order to deal effectively 
with complex systems one must still choose which relevant quantities or degrees of freedom 
are necessary for the problem at hand. The second problem involves establishing relations 
among these quantities that will generate predictions regarding their evolution. Unfortunately 
the motions of both the relevant and irrelevant degrees of freedom in a complex system are 
usually strongly coupled, which means that accurate predictions will automatically involve an 
accurate determination of all the irrelevant degrees of freedom as well – an essentially hopeless 
undertaking.

A solution to this problem was provided by RG methods which allow for a ‘thinning down’ of the 
degrees of freedom. These methods also facilitate linkages in behaviour of a system across many 
different scales and in cases where fluctuations on many different scales interact. The RG is 
often used in statistical physics to treat critical phenomena where we have many body systems 
that exceed the technical possibilities of the mathematical calculus of mechanics. The theory 
of critical phenomena deals with continuous or second order phase transitions in macroscopic 
systems (e.g. magnetic transitions). Such phase transitions involve collective behaviour on large 
scales near the critical temperature Tc where the system changes its phase. At the transition 
the correlation length ξ, the range over which fluctuations in one region of space are correlated 
with those in another, and the scale on which collective behaviour like magnetism is observed, 
becomes infinite. The problem is that near Tc these systems depend on two different length 
scales, the microscopic scale given by atoms and the dynamically generated scale give by 
the correlation length which characterises macro phenomena. In many classical systems one 
can simply decouple these different scales and describe the physics by effective macroscopic 
parameters without reference to the microscopic degrees of freedom. In other words, you 
determine the relevant scale of interest and then use a statistical averaging procedure to deal 
with the stochastic variables at the micro scale.
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The problem however is that the statistical averaging procedure is insufficient in this case. 
At critical point there is a divergence of thermodynamic quantities which indicates that an 
infinite number of stochastic degrees of freedom are in some sense relevant to what happens 
at the macro level. Because of these fluctuations on all length scales one cannot simply use a 
statistical averaging technique; something else is required. This is unlike the typical case where 
physical systems have an intrinsic scale or where other relevant scales of the problem are of the  
same order. In these contexts phenomena occurring at different scales are almost completely 
suppressed, as in the case with planetary motion where it is possible to suppress, to a very good 
approximation, the existence of other stars and replace the size of the sun and planets by point-
like objects. And, in non-relativistic quantum mechanics we can ignore the internal structure of 
the proton when calculating energy levels for the hydrogen atom. However, in the case of critical 
phenomena divergences appear when one tries to decouple different length scales. This makes 
it impossible to assume that a system of size L is homogenous at any length scale l<< L. Hence, 
the impossibility of using statistical averaging techniques for these types of systems.

Because the statistical averaging procedures cannot accommodate the way in which 
inhomogeneities in the microscopic distributions contribute to large-scale cooperative behaviour, 
the task is to explain how short-range physical couplings can generate this type of behaviour 
at the macro level and how to predict it. RG methods provide a solution to such problems by 
determining, in a recursive manner, the effective interactions at a given scale and their relation 
to those at neighbouring scales.

But how, exactly, does this process work? Although it involves a technique that appears similar 
to averaging over small-scale correlations, it is, in fact, very different. In this case, as the length 
scale changes so do the values of the different parameters describing the system. Instead of 
calculating an average, as in statistical mechanics, the RG equations allow us to transform 
one set of parameters into another one with different couplings. Each transformation increases 
the length scale so that the transformation eventually extends to information about the parts 
of the system that are infinitely far away. This divergence of the correlation length means that 
the system ‘loses memory’ of its microscopic structure and begins to display new long-range 
macroscopic correlations. Hence, the infinite spatial extent of the system is crucial in that it 
determines the thermodynamic singularities included in the calculation. But again, the way in 
which this process takes place is vital for understanding the differences between RG methods 
and statistical averaging.

The change in the parameters is implemented by a beta function:

{J
k
} = β({J

k
})

which induces what is known as an RG flow on the J-space (space governing the set of coupling 
constants). The phase transition is identified as the place where the RG transformations bring 
the flow to a fixed point, an ensemble where further iterations produce no changes in either 
the values of the parameters or the correlation length. These fixed points give the possible 
macroscopic states of the system at a large scale. So, although the correlation length diverges at 
critical point, using the RG equations reduces the degrees of freedom which, in effect, reduces 
the correlation length. What this means is that the micro physics has been ‘transformed’ via RG 
in a way that detaches it from the stable macro behaviour.

In order to understand fully how the fixed points become the focal point for explanation it is 
important to stress that what the fixed points do is determine the kinds of cooperative behaviour 
that are possible, with each type defining a universality class. The coincidence of the critical 

~
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indices in very different phenomena was inexplicable prior to RG methods which were successful 
in showing that the differences were related to irrelevant observables – those that are ‘forgotten’ 
as the scaling process is iterated. But, the important issue is not simply the elimination of 
irrelevant degrees of freedom, it is the existence of cooperative behaviour characterised by the 
fixed points that serves as the explanatory foundation of universality.

In a general sense the elimination of unwanted degrees of freedom coincides with the suppression 
of information related to explanation at different levels, a strategy that is common in all areas of 
the physical and social sciences and is embedded in the statistical averaging procedures we find 
in disciplines like statistical physics and sociology. What is different in the context of RG is the 
way in which information is suppressed and what the end result is. A significant feature of RG 
is that it illustrates how, in the long wave-length/large space-scale limit, the scaling process in 
fact leads to a fixed point when the system is at a critical point, with very different microscopic 
structures giving rise to the same long-range behaviour. What this means is that RG equations 
show that critical point phenomena, despite the mathematical divergences, have an underlying 
order. Indeed what makes the behaviour of these phenomena predictable, even in a limited way, 
is the existence of certain scaling properties that exhibit universal behaviour.1 Assuming that a 
fixed point is reached one can find the value that defines the critical temperature and the series 
expansions near the critical point provide the values of the critical indices.2 In that sense RG 
methods provide us with physical information concerning how and why different systems exhibit 
the same behaviour near critical point. They determine these universality classes by proving the 
existence and universality of scaling laws, laws that provide the mathematical foundation for 
observed experimental behaviour.

One of the highlights of RG is that it illustrates how the same fixed point interactions are capable 
of describing a number of different types of systems. For instance, in condensed matter physics, 
systems as diverse as liquids and magnets exhibit the same type of critical-point behaviour 
(behaviour at phase transitions), sharing the same values for critical exponents and fixed points, 
a phenomenon called universality. Although universality was known experimentally, prior to the 
introduction of RG there was no explanation as to why or how it happened. While it is tempting 
to see RG methods as a technique for simply calculating the values of these critical exponents/
fixed points, my claim is that much more is involved. From the perspective of mathematical 
explanation what this means is that the significance of RG methods involves more than just the 
elimination of irrelevant degrees of freedom via the coarse graining procedure; the cooperative 
behaviour defined via the fixed points is crucial for understanding the explanatory power of RG 
in connection with complex systems.

One of the features I want to emphasise as ‘physical’ in explanations produced by RG is 
the notion of structural similarity and what this means. Meeting that challenge requires an 
investigation into the foundations of the RG and a comparison of its application in QFT and 
statistical physics (Gell Mann and Low, 1954; Weinberg, 1983). Although its use in these two 
very different domains suggests, prima facie, a structural similarity between them, the basis 
for such a similarity is not immediately obvious due to the fact that they deal with radically 
different types of phenomena (high and low energy). While this notion of ‘same structure’ is 
notoriously difficult to flesh out (French and Ladyman, 2003; Ladyman, 2002; Psillos, 2001, 
2006; Van Fraassen, 2006, 2007) I want to claim that it involves more than simply a formal 
analogy between the two domains (Fraser, unpublished). Part of the argument for this point 
involves showing that QFT and statistical physics, regardless of their subject matter, involve 
similar kinds of theories, with the phenomena exhibiting similar behaviour patterns. In the case 
of critical phenomena one is interested only in long distance, low-energy behaviour where very 
short wave numbers are integrated out. In QFT the renormalization scheme is used to provide 
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an ultraviolet cutoff at high energies. However, why should scale invariance of the sort found 
in QFT be important in cases of phase transitions? A very preliminary answer involves thinking 
of these differences in terms of their similarities: in statistical physics the grouping together of 
the variables referring to different degrees of freedom induces a transformation of the statistical 
ensemble describing the thermodynamic system. Or, one can argue in terms of a transformation 
of the Hamiltonian. Regardless of the notation, what we are interested in is the successive 
applications of the transformation that allow us to probe the system over large distances. In the 
field theoretic case, we do not change the ‘statistical ensemble’ but the stochastic variables 
do undergo a local transformation whereby one can probe the region of large values of the 
fluctuating variables. Using the RG equations, one can take this to be formally equivalent to an 
analysis of the system over large distances.

This formal similarity also provides some clues to why RG can be successfully applied to such 
diverse phenomena. In statistical physics, reducing the number of degrees of freedom with 
RG amounts to establishing a correspondence between one problem having a given correlation 
length and another whose length is smaller by a certain factor. In cases of relativistic quantum 
field theories choosing the appropriate renormalization scale, the logarithms that appear in 
perturbation theory will be minimised because all the momenta will be of the order of the chosen 
scale. We can think of a change in each of these scales as analogous to a phase transition where 
the different phases depend on the values of the parameters, with the RG allowing us to connect 
each of these different scales. So, regardless of whether you are integrating out very short wave 
numbers or using it to provide an ultraviolet cutoff, the effect is the same in that you are getting 
the right degrees of freedom for the problem at hand. Hence, because the formal nature of the 
problems is similar in these two domains, one can see why the RG method is so successful 
despite the dissimilarities between the phenomena themselves.

Econophysics and RG Explanations

The kind of long-range ordering or cooperative behaviour exhibited by statistical mechanical 
systems is one of the hallmarks of complex systems generally, in particular financial markets. 

Econophysics, the study of the dynamical behaviour of economic systems using techniques from 
physics, was developed in response to a number of factors (Mantegna et al., 1999; Stanley, 
1999, 1999a; Stanley et al., 1999; Weatherall, 2013). Movement of prices was traditionally 
modelled on the concept of a random walk, using the assumption of the Gaussian character of 
a stochastic process. As a result the movement was considered memory-less with the negligible 
effects of large deviations exponentially screened in the Gaussian normal distributions. But this 
made it impossible to deal with wildly fluctuating markets. Also, increased computer power 
increased the speed and range of transactions dramatically, resulting in an amplification of the 
fluctuations. Finally, large amounts of financial data made possible by increased computational 
power meant that economies and markets began to watch each other more closely. As a result, 
nontrivial couplings leading to nonlinearities began to appear in economic systems. Traditional 
methods of analysis which emphasised homogeneous agents and equilibrium were insufficient 
for dealing with phenomena that depended on large numbers of heterogeneous agents and far-
from-equilibrium situations; the type that give rise to emergent, complex behaviour. In other 
words, the mathematics at the foundation of economic theories was unable to incorporate the 
large-scale correlations associated with extreme or ‘critical’ behaviour often seen empirically in 
financial markets (as well as in phase transitions in statistical physics).

The danger of simplifying the underlying complexity and nonlinearity to the point where a 
treatable model could be constructed is that very small modifications can result in the loss of 
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important information or introduce artificial effects. In physics, RG was developed as a response 
to the inadequacies of mean field theory which involved an averaging process that replaced all 
interactions to any one body with an average interaction, thereby reducing a multi-body problem 
into an effective one-body problem. This kind of averaging formed the basis for the Black-
Scholes model which calculated the future value of a derivative security by taking averages in an 
assumed statistical market environment. The fluctuations and correlations that might exist over 
the entire market were ignored, with disastrous results. This is part of the phenomenon known 
as ‘fat tails’ in the (non-Gaussian) distribution where there are many events or values that stray 
widely from the average, giving more frequent high and low values. In financial markets this 
can be explained in terms of the type of universal, scaling properties (i.e. scale invariant over 
many orders of magnitude in the data) found in systems in statistical physics. It arises from 
the tendency of individual market competitors, or aggregates of them, systematically to exploit 
prevailing micro trends like rising or falling prices. The ‘fat tails’ are mathematically important, 
because they comprise the risks which may be negligible but which may also need to be taken 
account of, especially in critical situations like panic reactions to price fluctuations (Rickles, 
2011). This significant deviation from the normal (Gaussian) distributions characteristic of 
models like the Black-Scholes formalism can only be effectively treated using RG methods. 
Not only do they provide a way of taking account of the long-range correlations that involve 
large amounts of data, they allow us to focus on only those parameters that are insensitive to 
changes in micro behaviour and responsible for macro regularities. In other words, the situation 
is exactly analogous to critical behaviour in statistical physics.

My ongoing research involves showing how the success of RG methods in these different contexts 
suggests a type of underlying order that is characteristic of critical behaviour in different kinds 
of complex systems, an ordering that is both illustrated and explained using the mathematics 
of RG methods. Developing a framework for mathematical explanation in these contexts allows 
us to appreciate not only the power of mathematics to provide physical information but also 
the ways in which many different types of complex systems nevertheless share a common 
foundation.
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Notes

1 I have not mentioned the issue of reduction in my discussion of RG, primarily because it is not 
immediately relevant for the general point I want to make. However, for an excellent treatment 
of the relation between reduction and renormalization see Batterman (2010).

2 Phase transitions in thermodynamic systems are associated with the emergence of power-law 
distributions of certain quantities whose exponents are referred to as the critical exponents of 
the system.
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